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1. Introduction

The quest for a Lagrangian description of the worldvolume theory of coincident M2-branes

in M-theory has been a problem of longstanding interest. Important guidance comes from

space-time symmetries, most notably SO(8) invariance and maximal supersymmetry, and

from the relation between M2-branes in compactified M-theory and D2-branes in Type ITA

string theory. A further constructive insight is to sharpen the formulation of the problem

via the identification of a specific decoupling limit in which the M2-brane worldvolume

degrees of freedom dynamically decouple from the surrounding eleven dimensional super-

gravity modes.

Concretely, this decoupling is achieved by restricting the worldvolume

theory to the very long wavelength modes. In this limit, the M2-brane theory should take



the form of a 2+1-dimensional local quantum field theory with SO(8) superconformal sym-
metry. Until very recently, however, it was not known how to write down any nontrivial
theories of this sort, apart from a free theory describing a single M2-brane.

The work of Bagger and Lambert [[J-f]], and Gustavsson [{, [, following earlier
work [, [, showed that a manifestly supersymmetric and SO(8) invariant Lagrangian
can be constructed given a “three-algebra”, a generalization of a Lie algebra based on an
antisymmetric triple product structure. It seemed plausible that the worldvolume theory
of coincident M2-branes should lie somewhere in this class of theories. Initially, how-
ever, only a single example of a three-algebra was known, and this example has now been
proven [E, E] to be the only nontrivial example with positive definite metric (apart from
direct sums of copies of this algebra with a trivial algebra). The corresponding field theory
does appear to be related to M2-branes, in particular two M2-branes, but on an M-theory
orbifold [[[(—[7].!

A proposal for the worldvolume theory of coincident M2-branes in flat space has been
made in [[J-[J, henceforth called the BF membrane model. This theory is based on
a Lorentzian “three-algebra”,? and its gauge structure is that of a three dimensional BF
theory. The BF membrane model captures some of the expected properties of the theory
on multiple M2-branes, including the absence of a coupling constant, a close relation [[Lg] to
three dimensional SYM on D2-branes and a moduli space corresponding to N M2-branes
in flat space.

As already mentioned in [[[-[[5], the BF membrane model has ghosts in the classical
theory, arising from the timelike direction in the “three-algebra”. Despite the fact that
ghosts cannot propagate in loops due to the special nature of the interactions of the BF
membrane model, it remains an important issue to understand whether the theory has
negative norm states.

In this paper we enrich the BF membrane model by adding to the theory a set of su-
persymmetric Faddeev-Popov ghosts, preserving all the desired symmetries expected from
the worldvolume theory on M2-branes. We show that the combined action is symmetric
under a BRST transformation, suggesting that it should be interpreted as a gauge-fixed
version of a classical action with an additional gauge symmetry. This acts as a gauged shift
symmetry for bosonic and fermionic fields associated with the wrong-sign kinetic terms.
Via a BRST analysis, we show that this extra symmetry is precisely what we need to ensure
the absence of and negative norm states in the physical Hilbert space.

BRST-invariant actions arise as the gauge-fixed versions of classical actions with gauge-
symmetries. It is therefore natural to ask which classical action our BRST-invariant action
arises from. For the theory expanded about its trivial vacuum, we find that the classical
action is a BF-theory coupled to matter without interactions. This theory has trivial
dynamics. With a nonzero vev for X _{_ (one of the scalars associated with the light-like
directions in the three-algebra), we find that the classical theory is one that may be shown

The details of the orbifold depend on a discrete parameter that is present in the theory, the level
associated with a Chern-Simons term.

2The fact that the algebras in [B,@] are the unique undecomposable three-algebras has been proven
in



to be equivalent to 241 dimensional maximally supersymmetric Yang-Mills theory, though
it does have a formal SO(8) superconformal symmetry if we formally allow transformations
of the X JIF vev. However, the theory does not directly describe the IR limit of the Yang-Mills
theory, so it gives only the previously known indirect description of M2-branes in flat space.?

It may be that the new formulation offers advantages over the conventional description
of the D2-brane theory. In support of this, we show that by dualizing the gauge field
associated with the noncompact gauge symmetry of the theory, we are able to write down
operators which are gauge invariant and BRST invariant, and which transform in non-
trivial representations of the formal SO(8) R-symmetry. As an example, we write down a set
of operators in the same representation of the superconformal algebra as the chiral primary
operators for the M2-brane theory. Calculating correlation functions of these operators in
the D2-brane theory in a limit where X 41_ goes to infinity may give an algorithm for using
the D2-brane theory to calculate arbitrary correlation functions in the M2-brane theory.

The plan of the paper is as follows. In section 2 we review the main features of the
BF membrane model constructed in [[d—-[[5. In section 3 we gauge the shift symmetry
in [I3-[15] and gauge fix all the associated gauge symmetries and show that the gauge fixed
action is described by the Lagrangian in [[J-[[7] together with a supersymmetric ghost
action. By analyzing the BRST transformations of the gauge fixed action we show that the
theory has no negative norm states. In section 4 we study the gauge fixed action and make
contact with the theory on multiple D2-branes. In section 5 we discuss gauge invariant
operators in our theory and show that we can construct operators in full multiplets of the
formal SO(8) representations. Section 6 contains conclusions and some technical details
are presented in the appendices.

2. The BF membrane model

Our starting point is the action derived in [[3—[[§]. These authors constructed a three-
algebra with Lorentzian metric corresponding to an arbitrary Lie algebra G. The action
for the corresponding Bagger-Lambert-Gustavsson theory is given by

Ez—%T‘r((DHXI - BHXi)2) +9,X1 (9, x1 — Tr(B,XT)) + %TT(\IJP“(DH\II - B“xh))

7

—5 UL (0,0~ Tx(B,Y)) - %@_rﬂaum + e“”ATr<B>\(8MA,, - [AM,A,,]))
1 2
—ETr<Xi[XJ,XK] + XI[XE X1+ Xf[XI,XJD (2.1)

+%Tr(\PPIJXi[XJ,\If]> + iTr(\T/FIJ[XI,XJ]\I/Jr) - iTr(\T/JFPU[XI,XJ]\I/) .
Here D, = 0, — 2[A,, -], with A, a gauge field for the compact gauge group G. The fields
X!, WU, and B,, transform in the adjoint representation for this gauge symmetry, while
the fields X JIF,X I W_, and U_ are singlets. The above action does not contain a standard

3In the original version of this paper, it was proposed that by integrating over the Xi vev in the path
integral, superconformal invariance could be restored. We no longer feel that the justification for doing so
is correct.



Yang-Mills kinetic term for the gauge boson A,, but rather a term of the B A F' form,
which underlies the symmetry structure of (R.1). Via the presence of this additional one-
form field B, the theory has an extra non-compact gauge symmetry, under which the fields

transform infinitesimally as
61 B,=D,(; X! =¢xt s X1 = Tr(¢XT);
0 U=CV, ; "nU_ =Tr(CYP). (2.2)

The non-compact and compact symmetry together combine into a gauge invariance under
the (2 dim G)-dimensional gauge group given by the Inonu-Wigner contraction of G ® G,
which corresponds to the semidirect sum of the of translation algebra with the Lie algebra
G, where G acts on the dim G translation generators in the obvious way.

The theory described by the above Lagrangian has several non-trivial properties, that
support its interpretation as the multi-M2 brane worldvolume theory.

(i) Most remarkably, the Lagrangian (R.1) is invariant under a full SO(8) superconformal
symmetry. The supersymmetry transformations read

X =ier v, oX1 = dertw, oxt = jer'w_
6AM:%Xi€PMFIW — %ngrurf\h ; 6B, = iel, [ X1 7).
50 =(D, X' - B,X1) T+ e - %Xi[XJ,XK]F”Ke; 604 = 9, XIMT e
oU_=(0, XL — Tr(B,XL))r*r!e — %Tr(XI X7 XKD K, (2.3)

(ii) The theory described by (B-]) does not have a tunable coupling constant: overall mul-
tiplication of the Lagrangian by a constant can be absorbed into a suitable rescaling
of the fields. X! — ¢ X1, XJIr — gt Xi X - ¢*X! B— ¢’B.

(iii) In case G = U(N), the moduli space of vacua contains a branch of the form (R®)Y /Sy,
which is as expected for a theory describing N M2 branes in flat eleven dimensional
space. However, it is the Osp(8|4) invariant vacuum of the theory in the unbroken
phase which holographically describes M-theory in AdSy x S”. The states of the BF
model in the broken phase correspond to half supersymmetric geometries which are
AdSy x S7 only asymptotically.

(iv) When restricted to (or, as we shall see, expanded around) the background with con-
stant X and W = 0, the Lagrangian (R.I)) reduces to that of 2+1-dimensional SYM
theory, the low energy theory on N D2-branes, where the SYM coupling constant is
identified with ¢3,, = X2 [L5].

Given all these properties, the theory described by (B.I)) appears to be a step in the
right direction towards finding the multi-M2 brane worldvolume theory.

An outstanding problem, however, is that the theory (m) includes fields, X, and X_
with a non-positive definite kinetic term, and which arise from the necessity of using a
three-algebra with Lorentzian signature. We now proceed to enrich the theory in (R.1]) and
show that the enriched model has no negative norm states.



3. Eliminating the ghosts — by adding ghosts

An unsettling feature of the theory (R.1), arising from the non-positivity of the three-algebra
metric, is that a set of scalar fields* X! and fermionic fields ¥y have a wrong-sign kinetic
term. It has been suggested that this may not pose a problem if we make a projection on
the space of physical states, or simply because the X JIF and X! fields cannot propagate in
loops (since the interaction terms depend on X 41_ but not X7).

We argue that by gauging the global shift symmetry

X — X! 4+4f
UV —-U_+y (3.1)

of the action (R.1)) and properly gauge fixing all the associated gauge symmetries, that
the gauged fixed Lagrangian is described by the original theory (R.1)) together with a
supersymmetric Faddeev-Popov ghost action. Moreover, we show that the gauge fixed
theory is free of negative norm states.

3.1 Gauging the shift symmetry

We start by introducing bosonic and fermionic gauge fields aﬁ and 7,. These gauge fields
are associated with gauging the shift symmetry of X_ and its superpartner ¥_

sXxI=p", SU_ = x;
5a£:8uﬁl, 0Ny = Oux - (3.2)

The Lagrangian (R.]]) can be made invariant under these new gauge transformations, if we
add the terms
L=—a,0'X| —if,I"u, (3.3)

which turn the X2 and W_ derivatives into covariant derivatives. It can be shown that the
modification of the action preserves supersymmetry if we supplement the supersymmetry
variations (P.J) with the additional terms

oU_ = —T"T'ea),

da), = iel'T,I"n,

. 1

oy = _g(aua,{ — 0ya,, )T T e .

Note that these supersymmetry variations commute with the shift gauge symmetry and
that (B-4) generate the expected supersymmetry algebra on the fields, as we show in ap-
pendix A.°

The presence of an extra gauge symmetry here appears to be just what we need to
save the theory from negative norm states. By choosing a gauge X. =0, and ¥_ = 0, we

“Where we define Ay = Ag + A;.
5The commutator of two supersymmetry transformations generate on-shell a translation and gauge
transformations.



completely eliminate the problematic kinetic term, and the remaining integrals over cﬁ and
7, appear to force 9, X JIF =0 and ¥, = 0. However, the new Lagrangian has extra gauge
symmetries, arising from the fact that only 8ua1 # and ~#n, appear in the action, so care

must be taken in gauge fixing these new symmetries. In detail (B-J) is invariant under®

aﬁ — aﬁ + £ p0”al! (3.4)
and 1

Because of this extra gauge symmetry, simply integrating over clﬂ and 7, after fixing the
gauge X! = W_ = 0 leads to a divergence in the path integral.”

A careful discussion of the quantization of this theory taking into account the additional
gauge symmetries is presented in appendix B. The result of this analysis is that the gauge
fixed action is described by the Lagrangian (R.I)) with the addition of a supersymmetric
ghost action, which we now analyze in some detail.

3.2 Interpretation as a gauge-fixed action

In the previous section, we have seen that it is possible to promote the X_ and W_ shift
symmetries to gauge symmetries in a way that is consistent with superconformal invariance.
Taking for granted that this symmetry should be understood as a gauge symmetry and
doing the proper gauge fixing procedure, as described in appendix B, we find that the gauge
fixed theory can interpreted as the original action (R.1]) with a corresponding Faddeev-
Popov ghost action

Lanost = —0"cLa el +ig T, (3.6)

where ¢ are 8 anti-commuting scalars, and x+ are commuting SO(8) spinors. This ghost

action is A/ = 8 supersymmetric, and is invariant under the following supersymmetry
transformations
ock =iel Ty, ox+ = 0,ciTHT €. (3.7)
The action (R.1) combined with the ghost action (B.§) is invariant under the nilpotent
BRST transformations

5brstX£ = EC[_ , Opst¥— = ex_
5brstc:rl,_ = 5X_{_ 5 5brstX+ =cU,. (38)

The fact that the original action combined with the ghost action has a BRST symmetry
implies that we should think of the combination as a gauge-fixed action. As usual, the
corresponding gauge symmetry of the ‘unfixed’ theory is given by the BRST transformation
of the matter fields, so we see that it is precisely the shift gauge symmetry for the fields
XTI and W_.

5Note that a”’ and x* do not all correspond to independent gauge transformations since the gauge
transformations corresponding to o’ = 8”3 and x” = I'V¢ are trivial. They correspond to reducible gauge
transformations.

"The set of delta functions 6(8,X21) that we end up with are too many to leave the single integral over
X1 finite.



3.3 Physical states
Physical states are defined by the BRST cohomology:

Qbrst [Phys) =0, Iphys) = |phys) + Qs [anything) . (3.9)

The BRST invariance condition can be solved trivially by requiring that all positive fre-
quency (= annihilation) modes of ¢!, X,, y_ and ¥, annihilate the physical states.
All states created by negative frequency (= creation) modes of the same four fields are
spurious: they are orthogonal to this particular subspace, and in fact, can be written as
Qprst|something).

3.4 A simple example: the U(1) theory

To see explicitly that our BRST-invariant action results in only positive-norm states, let
us consider the simplest nontrivial example, the BF theory for gauge group U(1).

We will see that this theory is precisely equivalent to the theory of single membrane,
the free superconformal theory

L= —%auxfaﬂxf + %\ifrﬂauxp :
Now, the BF theory in the U(1) case reduces to
£ = 50X~ BuXD? + 8, X10" X!~ 9, X1 B,X" 4 L™ B,
+%@F“8@I’ — UL T*(9,Y_ — B,Y) + Lhost-
Here, the ghost action Lgp.s¢ is given in (B-6) and F, v is the field strength for A,. We can
treat this field strength as an independent variable if we introduce a Lagrange multiplier

term
oetr Ok,

to enforce the Bianchi identity. Here o is the dual gauge scalar, that, after integrating out
F,, furnishes a ‘magnetic’ dual description of the A, degrees of freedom.® The equations
of motion for F),, then give

B, = 0,0 . (3.10)

Typically, it is argued that the dual gauge scalar field ¢ is naturally defined to be periodic.
Since B is associated with a non-compact gauge symmetry, the equation (B.10]) indicates
that o should be allowed to range over the full real axis. Making the substitution for B
here gives

1
L= —5(8MXI — oo X+ o, xtorx! —9,x18,0x"

= +%@r“au\1/ — iU T, U — 8,00) + Lot

¥Note that in the vacuum with X1 = v, the equation of motion of B,, identifies B, = U%EWAF”A.



The field o transforms under the B gauge symmetry as
c—o0+(

so we can fix this gauge symmetry by setting o to zero. The resulting action is simply

1
£=-39,X'orx" + %\yrﬂaﬂ
+0, X1or XL — v, 149, ¥_ — 0l o,ch + iy THO,x— ,

so we end up with the free superconformal theory plus a free BRST invariant and super-
conformal invariant action for the +/— fields and the ghosts.

The BRST transformations (B.§) imply that acting with creation operators correspond-
ing to X1, cfr, W_, or x4+ on any physical state takes us out of the physical subspace, while
acting with creation operators corresponding to X JIF, ¢!, W, or xy_ on any physical state
gives us BRST exact states. Thus, the BRST cohomology for the theory in the second
line is trivial, so the BRST-invariant U(1) BF theory is precisely equivalent to the free
superconformal theory describing a single membrane.

4. Classical action

It is natural to ask whether the BRST-invariant action we have found is the gauge-fixed
version of some classical action. We now consider this question.

4.1 The theory for constant X _{_

To start, consider the original action (.1)), taking X 41_ = ol constant and setting ¥, = 0.
The resulting action is

1 ; - 1
Lo = —§Tr<(DHXI ~ B')?) + %Tr(llfl““Du\IJ) + 55’“’)‘Tr<B,\FW) (4.1)

1 2 _
—ETr<vI[XJ,XK] + ol [XK, X +vK[Xf,X=’]) + %Tr(\I/FUvI[XJ,\I/D.

Note that the constant value of X! breaks conformal invariance and breaks SO(8) invari-
ance to SO(7) invariance. Remarkably, as pointed out by [[[5], this action for any nonzero
v’ turns out to be exactly the low-energy D2-brane action, i.e. maximally supersymmetric

I

241 dimensional Yang-Mills theory. For example, in the case where v! = ¢gé’®, we note

that the B gauge symmetry can be used to set X® = 0 , while the remaining integral over

B gives

L =Tr 1FFW 1DX” i@r“D\y i@ﬁ‘r-x@'m 92)(2')(12
= Tagr _5( m )‘1‘5 m +§9 il 7]4‘2[ , X7]

wherei=1,...,7.



4.2 Reduction of the full theory to constant XJIr

Now, in our BRST-invariant action, we do not want to take X JIF or U, to be constant.
However, consider now the theory with some nonzero vev X 41_ = vl where X 41_ and all other
fields are taken to be dynamical. Using the BRST transformations above, it is not hard to
see that the complete action takes the form

£0 + {Q7E} .

That is, our full action differs from the simple action (fI]) by a term that is BRST exact.”
In fact, any BRST invariant action may be written in this way, and one typically identifies
Lo with the classical action and the BRST-exact term as a gauge-fixing term.'? Different
choices of = do not change the physical observables (though one typically chooses = so
that all global symmetries of the theory are preserved). Thus, it appears that for a fixed
non-zero value of the zero mode of X 41_, our theory simply corresponds to a particular
gauge-fixing of the D2-brane theory plus X_ and W_ fields that do not appear in the
classical Lagrangian.

A special case in which we do preserve superconformal invariance is to set X _{_ = 0.
However, in this case we reach the more severe conclusion that the full action can be written
as a BRST exact piece plus the simple action

Lo = Tr< — %(DMXI)2 + %@rwuw + %e”")‘BMF,,A> (4.2)
Note that this action by itself is superconformally invariant and invariant under the B
gauge transformation (we simply set all the terms in the transformation laws involving the
+ and - fields to zero). However, at least naively, the theory appears to be free, giving N2
copies of the free superconformal multiplet, since integrating out the B gauge field seems
to eliminate all the degrees of freedom of A. This is also consistent with the point that for
finite v/ we obtain a D2-brane theory with coupling ¢ = v?: for length scales L < 1/v?
correlation functions are trivial, and this length scale goes to infinity in the limit.

4.3 Summary

In the end, it is reasonable to ask whether we have really gained anything here, since
we have ended up with either a trivial superconformal theory or a reformulation of the
D2-brane theory, where one expects to recover the full SO(8) superconformal invariance
only at the infrared fixed point [[[§, [J]. However, the formal SO(8) invariance that we
have restored may be useful, and as we will emphasize in the next section, one important
advantage with the new description is that we can write down the full SO(8) multiplets of
physical operators.

Tt is important to recall that the zero mode of Xi effectively does not appear in the BRST transfor-
mation otherwise, we would conclude that even the v’-dependent terms in £o were BRST exact.

ONote that while X and W_ do not appear in the classical action, we should consider them to be part of
the classical fields, since their shift-gauge symmetry is the one we are fixing by going to the BRST-invariant
action. On the other hand, the Xfr and ¥4 fields play the role of ‘A’ fields (or ‘Nakanishi-Lautrup’ fields)
in the BRST-invariant action, and should not be thought of fields in the classical action.



5. Observables

The basic physical observables for our theory are correlation functions of operators which
are BRST-invariant and also gauge-invariant under the remaining non-abelian gauge sym-
metries.!! As we mentioned earlier, one of the nice features this formalism is that we will
be able to construct full SO(8) multiplets of operators.

5.1 SO(8) invariant basis

Note first that operators such as
ofvIn = y(Xx ... X,

while invariant under the compact gauge symmetry, are not invariant under the noncompact
gauge transformations associated with the B, gauge field

6B, = D,( ox!=Xx1¢.

Hence it appears that the longitudinal component of X/ (the one parallel to X 41_) is spurious,
and that only the 7 transverse components of X! (the ones orthogonal to X1) survive as
physical degrees of freedom. The scalar fields X! by themselves do not appear to be
sufficient to build a full SO(8) multiplet of physical observables.

A useful hint for how to obtain these operators is provided via the relation of our theory
to 241 SYM. The SYM theory only has SO(7) symmetry. SO(8) invariance emerges via
a specific reordering of the degrees of freedom in the IR theory, whereby the A, gauge
boson gives rise to a dual scalar mode ¢, that combines with the other 7 scalar fields into
an SO(8) covariant vector. Thus we should expect that also in our theory, the full SO(8)
multiplets must somehow involve the dual gauge field, and we will now see that this turns
out to be correct.

It is possible to construct an SO(8) covariant version of X' that does not transform
under the B gauge symmetry. To do this, we can consider the combination

vi=x'-xl¢ (5.1)

where ¢ is a field built from A and B with the noncompact gauge transformation law

0p = C(. (5.2)
Formally, we can take such a field to be determined in terms of A and B by the covariant
equation
D?*¢ = D,B", (5.3)
which is solved by
1
o= ﬁDuBM .

11n principle, we could also consider correlation functions of BRST-invariant operators which are not
gauge-invariant, but whose gauge-variation is BRST exact. The correlation function of such operators will
be gauge-invariant, since the physical states are BRST invariant.

— 10 —



It seems that ¢ is not really a local operator. However, in a gauge where ¢ = 0, the
expression (b.1)) reduces to X I 5o the construction appears to be local at least in this
gauge choice.
We can introduce the scalar ¢ as a new independent field in the Lagrangian, by adding
the term
DYX(B, — D,¢) + D"wD,w. (5.4)

Here X can be viewed as a dual Lagrange multiplier field, whose equation of motion implies
the identification (p.J). The second term in (f.4) is a ghost action, that ensures that the
functional determinant produced by integrating out A, ¢ cancels out. The total action has
the non-compact gauge invariance

3B, =D, 3, 5 =13, 0X" = pBX1. (5.5)

But now let’s use this invariance to choose the gauge fixing condition ¢ = 0. The
action (f.4) then turns into the standard gauge fixing action, imposing the gauge condition

DB, = 0. (5.6)

In this gauge, the operators (p.1) simply reduce to Yy =X/,

Geometrically, we can clarify the situation as follows. The scalar field ¢ defined
via (p.3) can be recognized as the dual gauge scalar, the “magnetic” dual to the non-
abelian gauge field A. Eqn (b.3) should be compared with (B.1(), that defines the dual
gauge scalar for the abelian theory. As emphasized earlier, this dual gauge boson is not
periodic, but takes values on the full real axis. The non-compact gauge symmetry thus
acquires an interesting geometric significance, reflecting the physical equivalence between
the dual gauge boson and the longitudinal component of the scalar fields X;, or rather,
that the two scalar fields in fact constitute only one single scalar degree of freedom. The
gauge choice ¢ = 0 represents a physical gauge, in which this dual gauge scalar degree of
freedom is completely absorbed into the longitudinal component of X7,

A priori, using the ¢ = 0 gauge, we can just use the fields X' to build physical
observables. There is a slight subtlety, however. The gauge fixed theory still has a BRST
invariance

6B, =eDyw, X' =cwX?, b1 = €N, (5.7)

which explicitly does not leave X! invariant. This invariance can be restored as follows.
Recall that the M2-brane theory has another set of ghost fields, associated with the X_
shift symmetry, an therefore another BRST invariance, given in (B.§). Let us denote this
BRST variation by ds:

S Xt =ecl, Sack =e X1, (5.8)
The combined BRST symmetry is the sum of the two transformations

Oprst = 01 + 02. (5.9)

— 11 —



Physical operators do not need to be invariant under both transformations d; and 09
separately, but only under the sum. The following operators

vi=x"+wcl (5.10)

are invariant under this combined symmetry. Physical observables are obtained by taking
combinations
onfete — r(yhy® | ylr), (5.11)

and are invariant under the compact gauge symmetries and the BRST transformation (f.9).

For most types of correlations functions, the ghost terms in Y/ are not expected to
contribute. So in practice, we can think of the Y/ operators as simply being equal to X'.
Indeed, one can argue that we for most practical purposes can use the physical operators

011[2...Ip — ’j[‘r()(ll)(l2 e le) .

These operators transform non-trivially under the non-compact gauge transformations.
However, via a similar argument as above, one can show that its gauge variation can be
written as a total variation under the do BRST symmetry, and thus decouples from physical
correlation functions.

5.2 Chiral primary operators

In the worldvolume theory of M2-branes, by the AdS/CFT correspondence, the local opera-
tors of finite dimension should be in one-to-one correspondence with the states of M-theory
on AdS* x S™ (). In particular, in the large N limit, we should have protected operators
in one-to-one correspondence with the spectrum of supergravity fluctuations on AdS* x S7.
These operators appear in infinite dimensional multiplets of the superconformal algebra,
which may be generated by the action of superconformal generators on chiral primary op-
erators. An important set of observables for the theory are the correlation functions of
these operators and their descendants. In principle, one should be able to compute these
correlation functions using correlation functions in the D2-brane theory by scaling all dis-
tances to infinity at the end. However, in the usual formulation, it is not clear how to write
the required full multiplets of operators.

In the reformulation of the D2-brane theory that we arrive at, we can write operators
in full multiplets of the formal SO(8) symmetry. In particular, operators in the same
multiplets as the chiral primaries may be written as

Tr(y ...y )y — traces

and the multi-trace generalizations, where Y7 is defined in the previous section. Assuming
that the formal SO(8) symmetry that we find becomes the full quantum SO(8) symmetry
in the IR limit of the theory, it seems plausible that calculating correlation functions of
these operators in our theory then taking the lengths scales to infinity (perhaps with a
suitable rescaling of the operators) could give a way to calculate correlation functions of
chiral primary operators in the M2-brane theory starting from the D2-brane theory.
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6. Conclusions

In this paper we have shown that if we interpret the BF membrane model of [[3-[J as
a gauge-fixed action, and add to it a corresponding set of supersymmetric Faddeev-Popov
ghosts, then the resulting theory is devoid of negative norm states. We have shown that for
a constant non-zero vev of X', the theory is equivalent to the maximally supersymmetric
SYM theory living on D2-branes.

In the process of studying local gauge invariant operators, we have found that the
gauge field B, associated to the non-compact gauge symmetry of the BF' membrane model
can be dualized exactly into a scalar. This construction allows us to write down gauge
invariant and BRST invariant operators transforming in non-trivial representations of the
formal SO(8) symmetry. This symmetry remains very obscure in the definition of the
theory as the infrared limit of three dimensional maximally supersymmetric SYM, where
only an SO(7) subgroup of the symmetry is manifestly realized. The action considered in
this paper allows us to bypass these difficulties and give a direct SO(8) covariant realization
of operators.

To conclude, we note that while the present treatment of our theory by adding Fadeev-
Popov ghosts and interpreting the full action as a BRST-invariant gauge-fixed action does
not lead directly to a non-trivial superconformally invariant quantum theory, it might be
that some other treatment gives a more direct relation to M2-branes.

Note added. While this paper was being finished, the paper [R1] appeared in the arXiv,
which has some overlap with this paper.
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A. Supersymmetry algebra

Here we would like to show that

[517 52]77u = Uy(aunu - a/ﬂ?u) > [617 52]6;{ = Uy(auci - auczlj) ) (Al)
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with
vt = —2i65 ey (AQ)

modulo gauge transformations and equations of motion.
We will use the relation

Ly € = (uw — eupl?) € (A.3)

We find that

[(51, (52]0,5 = ?}VF;{V — wIJF,;IPEVp (A4)

I
with wyy = %EQ[FI,FJ]El.
The second term in ([A.4) is a gauge transformation of the form

I I A pl
¢, — ¢, +€,70,b) .

We now consider the fermions. In light of the gauge symmetry (B.§), we need only
verify that
[517 52]Fu77u = U”T“aum + Pu(auX) (A'5)

for some x. For completeness, we should also check that the commutator of SUSYs acting
on V¥_ includes a term
[61,02] ¥ =X .

Using the Fierz identity below, we find
(61, 69] T, = érl LI T T0,ma 6l e
+%P1 L T T0 el X e
+3%4Ff L, M PITHD g, e 6T/ KM TV ¢
+TH(0ux)
Here, the last line vanishes in light of the relation
PIp/KLMpI _
It is straightforward to show that the remaining terms take the form
[01, 02|y, = —2iI"0,n, &1 e +TH0,x
for some Y, as desired.
A.1 Fierz Identity

The following relation is useful in verifying that the supersymmetry algebra closes:
For a general real symmetric 32 x 32 matrix M, we have

1 1 1
M= —TATr(MTA) + —TgaTr(MT4B) + —_T Tr(MTABCDEY
351 4 ( )+64 BATr( )+3840 epcBATr( )
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Applying this to
M = €961 — €16

and using the fact that
012, — .

we find
= - _ (4 1 af e, TH
€2€] — €162 = EF“ + ﬁl“aﬁe L eal'eq

1
+—FJ[(1 + F012)E2F1J61

32
1
—r,r eI/ KLpr
+384 pl LK€ €1
If we also have
P012X =

then
I B
€2€1X — €162 = gfux ealey

1
+1—6PJ]X EQPIJQ

1
+@FHFLKJ1X 2 R NS

B. Gauge fixing the shift symmetry

In this section, we discuss the proper gauge-fixing procedure starting with the classical
action from section 3.1.
We focus on the bosonic gauge lagrangian

Loange = (ax +WX_) X, (B.1)
It has two gauge symmetries

(1) 5a,\ = 8,\a, 0X_ = (07 (B2)

(2) day = ey 0'a” . (B.3)

The two symmetries allows imposing the two gauge conditions

(1) o a, =0, (B.4)
(2) M d,a, = 0. (B.5)

The associated gauge fixing term (using a weighted gauge) and ghost action are

Ly = %(a”a,,)? + §<6*W8uau>2 = %W’%au (B.6)
Lot = 900 — 5 (0,0, = 0,C,)(0'CY — 3 CH) (B.7)
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This ghost action introduces an additional gauge symmetry, so in this case, we need to
add an additional gauge-fixing term for the C' ghost, and a ghost-for-ghost action'? but
for now, let us omit this and leave the C' gauge-symmetry unfixed. The total action has a
BRST symmetry:

day = e(Orc— + €3 0"'C"), 0X = ec_, (B.8)

dcy = e0%a,, 5CA = eeM,a, (B.9)
Now let us integrate out a,. The saddle point equation is
1
a, = 58VX+. (BlO)
The resulting action (after applying a shift X_ — X_ + %X.‘,—) is simply
0"X_0, X4 + Lghost (B.11)
The BRST transformations simplify to
0X_=ec_, bcy = X, (B.12)

where X, = 8"%8,,X+ is the field X with its constant zero mode removed. Thus, we end
up with exactly the BRST-invariant action of section 3.2 plus the additional ghost action
for Ci. But these vector ghosts are completely decoupled from the rest of the theory, both
in the action and in the BRST transformations that define physical states. Thus, while the
theory with a gauged shift symmetry technically still contains ghosts, it should be sensible
to simply truncate the ghost sector of the theory and define the physical theory to be what
remains. Equivalently, we can simply take the BRST-invariant action of section 3.2 (or the
corresponding classical action of section 4.1) as our starting point.
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